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Experimental studies of occupation times in turbulent flows
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The motion of passively convected particles in turbulent flows is studied experimentally in approximately
homogeneous and isotropic turbulent flows, generated in water by two moving grids. The simultaneous tra-
jectories of many small passively convected, neutrally buoyant, polystyrene particles are followed in time by
a particle tracking technique. We estimate the probability distribution of the occupation times of such particles
in spherical volumes with a given radius. A self-consistently moving particle defines the center of the reference
sphere, with the occupation time being defined as the difference between entrance and exit times of surround-
ing particles convected through the sphere by the turbulent motions. Simple, and seemingly universal, scaling
laws are obtained for the probability density of the occupation times in terms of the basic properties for the
turbulent flow and the geometry. In the present formulation, the results of the analysis are relevant for under-
standing details in the feeding rate of micro-organisms in turbulent waters, for instance.
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The problem of turbulent transport of passively convec
particles in neutral, turbulent flows can be formulated in d
ferent ways, depending on the actual problem. Particular
tention has been given to the analysis of Richardson’s
for relative diffusion, and more generally to the time evo
tion of the probability density for separation distances of t
initially close particles@1–3#. In the present paper, we con
sider a different problem which is, however, also related
particle separations, by analyzing the time spent by a par
in a reference volume, which is centered either at a fix
spatial position~the Eulerian case! or at the position of an-
other particle~the Lagrangian case!. In the latter case it is
assumed thatboth particles passively follow the random tu
bulent motion of the flow. In lack of any established term
nology, we denote this time the ‘‘occupation time’’ in th
following. The reference volume can, in principle, have a
shape, but we consider here the simplest spherical case,
sidering different radii. The particular formulation of th
relative diffusion problem chosen here has direct releva
for the understanding of the feeding process of aqu
micro-organisms, as discussed later in the present pape

The basic features of the present experiment are descr
elsewhere@2#, so a summary will suffice here. The tank h
32033203450 mm3 inner dimensions, and the turbulence
generated by the motion of two plastic grids in the top a
bottom of the tank. Typical Taylor microscale Reynol
numbers@4#, Rl5l2/(h2A15), are;100 for the presen
conditions, using the Taylor microscalel5A15ns2/e,
wheren.0.89 mm2/s is the kinematic viscosity of the wate
e is specific energy dissipation, whiles2 is the variance of
one velocity component. The Kolmogorov length scaleh
5(n3/e)1/4 is less than 1/2 mm for the present conditions
characteristic Eulerian length scale~‘‘outer’’ scale! LE is in
the range 20–25 mm. We can interpretLE as the lower limit
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for separations between fixed frame detection points, wh
velocities of fluid elements tend to become uncorrelated.
a working hypothesis we can assume that these velocities
also statistically independent.

The motions of small diameter (d50.5–0.6 mm) polysty-
rene particles in the flow are followed with four video cam
eras. The simultaneous positions of typically 500–1000 p
ticles recorded at time intervals of 1/25 s. By a tracki
procedure it is then possible to link the positions of particl
and follow their individual motions in three spatial dime
sions, in particular, also to deduce their time varying velo
ity. The particles used in the experiment are neutrally bu
ant. The average distance between particles is much la
than their diameter. To the given accuracy, we can ass
that the particles follow the flow as passive tracers@5,6#. The
present experiment provides a database, which can be
for studying different aspects of turbulent transport@2,7#.

We follow a selected particle in the flow, and define
surrounding self-consistently comoving sphere with p
scribed radiusR. Determining the entrance and exit times
other particles with respect to the given sphere, we determ
the distribution of the times the particles spent inside
sphere. The numerical analysis is lengthy and involves a
tailed book-keeping of all particles at all times, but the ba
principles are self-explanatory, and need not be discusse
detail here. Results from such an analysis are shown in
1, with abscissa in seconds.~These results should not b
confused with the probability densities for finding a partic
inside a selected sphere with radiusR). Two cases are cho
sen so that they coverR,LE andR.LE . Due to the sam-
pling, we will not record particles staying less than 1/25 s
the sphere, i.e., ‘‘glancing’’ trajectories. For this reason,
first data point gives an underestimate. With a continuo
time resolution, one would find a finite probability for arb
©2003 The American Physical Society07-1
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trarily small occupation times. Figure 1 illustrates the sca
in data points for different times andR values, and serve
also to introduce the physical time scales~in seconds!, while
following figures will present results for scaled variables.

In the universal subrange of the turbulence, where
effect of viscosity is immaterial~in the present case, lengt
scales typically in the interval 0.5–25 mm! we expect that a
universal scaling law should exist. We need a univer
‘‘time’’ for normalization, and with the parameterse andR
being the only dimensional parameters available, the o
characteristic time available isR 2/3/e1/3. In the universal
length interval we expect that the probability dens
for the occupation times can be written
(R 2/3/e1/3)PL(te1/3/R 2/3), assuming thate is a deterministic
constant, and thereby ignoring intermittency correctio
@1,3#. The conjectured scaling for the occupation time pro
abilities can readily be tested in the experiment, with res
shown in Figs. 2 and 3. If we try to include data for rad
R.LE , we find a clear disagreement with the propos
scaling. We find an excellent scaling withR for fixed e, see
Fig. 2. When we include different experimental condition
with different e, we find a slight increase in scatter, whic

FIG. 1. Experimentally obtained probability densities for t
occupation times of particles in a sphere which is moving s
consistently with the flow, i.e., at all times it has the same refere
particle in its center. Two cases are illustrated, one where the ra
is R510 mm (1), and one withR530 mm (L). We havee
5225 mm2 s23 and s519 mm s21. We used the most ‘‘honest’
normalization by having the sum of all points be unity. If a contin
ous curve is fitted to the data points, the values should be multip
by 25 ~originating from the 1/25-s sampling rate! to give the nor-
malization of the probability density,PL(t).

FIG. 2. Experimentally obtained, normalized probability den
ties for the occupation times of particles in a self-consistently m
ing sphere, showing (R 2/3/e1/3) PL(te1/3/R 2/3). The figure refers to
experimental conditions withe5225 mm2 s23, analyzed for radii
R52.5, 5, 7.5, 10, 12.5, 15, 17.5, and 20 mm.
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might be an indication of the uncertainties associated with
experimental determination of the dissipation rate,e. We
have discussed spherical volumes, in particular, but the s
ing arguments apply equally well also for deformed volum
as far as we are dealing with a self-similar scaling of t
entire volume with justone length scale, here denotedR.

As already mentioned, the occupation time statistics d
cussed in the present paper are dealing with only one
many manifestations of relative turbulent transport. Th
are, however, cases where this formulation is particula
relevant. Our interest in the problem arises in part from d
cussions of the feeding processes of micro-organisms in
bulent environments. Since, at least in a standard formula
of the problem, both predators and prey are passively c
vected by the flow in which they are embedded@8#, the prob-
lem is directly related to relative diffusion of particles, th
main difference being that we are here dealing with abound-
ary valueproblem, where the surface of a suitable defin
‘‘sphere of interception’’ in effect acts as a perfectly abso
ing surface. By model studies@9–12#, or simple dimensional
reasoning@7#, it can be argued that that the steady state n
malized prey flux to such an absorbing surface must scal
J/h0'Ce1/3R 7/3, where a numerical constant can be es
mated asC50.3260.05 by use of Richardson’s model di
fusion equation for relative diffusion@2#. The density of prey
at infinite distance from the predator is introduced ash0. ~It
might be interesting to mention that implicit in the foregoin
arguments is that a nontrivial steady state actually exists:
is indeed correct in three spatial dimensions, but not so
two @13#.!

It is evident that a nontrivial assumption is implied
these arguments, namely, that preys are captured with
tainty within the sphere of interception. Even in the ca
where the prey concentration is so low that, on average, o
one is present at a time~this is the most relevant case!, there
will evidently be cases where the turbulent transport of p
past the predator is so rapid that a capture is unlikely@14#.
For a given predator~with a given rangeR), this process can
be modeled by assuming that given an occupation timet, the
probability of capture isP(captut)5t/t0 for t<t0 and
P(captut)51 for t.t0, where t0 is a constant time-scale
characteristic of the species. Evidently,t0 will be different

-
e
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d

-
-

FIG. 3. Experimentally obtained, normalized probability den
ties for the occupation times of particles in a self-consistently m
ing sphere, showing (R 2/3/e1/3) PL(te1/3/R 2/3). The figure contains
six experimental conditions withe562, 65, 135, 160, 225, and
279 mm2 s23, each of these analyzed for radiiR55, 10, 15, and
20 mm.
7-2



ex

ou

he
ta

in

b
t

c

.e

fo
o

bu
s
r

u

ap

g
s

ue
O
ro

ar-

is
ass-
ion
for
ere

g a
r at
t is

e-
sent-
ce
and
rey
g at
he
ve

ng a

o-
he

at
We
ion
ails

cal
and

l-

tly
five

t
the
two
he
r of
nce
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for different species, and therefore also for differentR. The
probability of capture of prey is then obtained byP(capt)
5*P(captut)P(t)dt by Bayes theorem, whereP(t) is the
probability density of occupation times that we obtained
perimentally before. With reference to thee1/3/R 2/3 time
scaling of the saturated prey flux, there are now two obvi
limiting cases: t0!R 2/3/e1/3 and t0@R 2/3/e1/3. In the
former case we haveP(capt)'1, and the results forJ/h0
apply @7#. In the latter limit we find P(capt)
;R 2/3/(e1/3t0). In this case we can obtain the scaling of t
flux Jc actually captured by the predator under steady s
conditions as the product of flux and capture probability,

Jc /h0;e1/3R 7/3
R 2/3

e1/3t0

;
R 3

t0
, ~1!

i.e., Jc is independent ofe. This means that if we start with
a predator in calm waters with a corresponding vanish
prey flux, and then slowly increasee by ‘‘external’’ stirring
while R is constant, we first findJc /h0;e1/3R 7/3 until e
'R 2/t0

3. From then on we haveJc /h0 independent ofe. In
this limit, an increase in the prey flux is exactly canceled
a corresponding reduction in the capture probability, due
the rapid sweeping of prey past the predator.

We can elaborate Eq.~1! a little further by noting that in
order for the turbulent relative dispersion to be of importan
for a predator with range of interceptionR, we require that
this length is larger than the Kolmogorov length scale, i
R>n3/4/e1/4. For the limit given by Eq.~1! we require, as
mentioned, t0.R 2/3/e1/3. This implies n3/4/e1/4<R
,t0

3/2e1/2, or t0.(n/e)1/2. This means thatt0 has to be
larger than the Kolmogorov time scale (n/e)1/2, for the limit
~1! to be relevant. This inequality should be amenable
experimental investigations. It should be noted that the K
mogorov time scale is rather small for most relevant tur
lent flows: for the present experimental conditions it is le
than 0.1 s. In nature, we might thus experience that the p
flux to a predating micro-organism scales asR 3, indepen-
dent of the turbulence level, at least in an observable s
range.

We can generalize the previous simple model for the c
ture probability by allowing for a subrange (t/t1)a for very
small times. Witha>2 this model accounts for a vanishin
capture probability for prey with large relative velocitie
@15#. It is readily demonstrated, by takinga52, for instance,
that Eq.~1! is modified to

Jc /h0;e1/3R 7/3S R 2/3

e1/3t1
D a52

;
R 11/3

e1/3t1
2

. ~2!

Within this modified model, we evidently findJc→0 for e
→`, but an intermediate ‘‘plateau’’ with constantJc might
be anticipated, in general. The result given by Eq.~2! is
trivially generalized to arbitrary values foraÞ2. While the
case witha51 discussed before is the easiest one arg
for, the more general case can be used for modeling.
arguments are easily generalized for different capture p
05630
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abilities for different occupation time subranges, each ch
acterized by some time scale and a time exponent.

The model for the capture probability given before
probably the simplest possible, and supposedly encomp
ing most realistic models. One objection to the express
~1! or ~2! could be that we used the flux-scaling obtained
a perfectlyabsorbing surface in connection with a case wh
the absorption was onlypartial. It is, however, possible to
test also the accuracy of this approximation by performin
flux analysis where it is assumed that prey has to stay fo
least a prescribed number of sampling periods before i
‘‘captured.’’ An illustrative result is shown in Fig. 4. The
analysis is carried out without ‘‘replacement’’ in a given s
quence of data analysis, i.e., a polystyrene sphere repre
ing prey is counted only first time it enters the referen
sphere. We see that the reduction in flux is moderate,
well described by a constant fraction. The point is that p
that has not been captured has the possibility of returnin
a later time, where it has a new possibility for capture. T
reduction in prey flux is therefore not as large as might ha
been anticipated.Qualitatively, the result~1! or ~2! therefore
remains correct as far as the scaling is concerned, leavi
numerical factor undetermined.

In the present formulation of the problem of relative m
tion of two particles in turbulent flows, we considered t
problem which, in a sense, isoppositeto the one of particle
separation, by investigating the distributions of times th
particles spend close together in a turbulent environment.
demonstrated that these distributions contain informat
that is central for the understanding of, for instance, det
of the feeding process of aquatic micro-organisms.

This work was in part supported by the Danish Techni
Research Council, under Contract Nos. STVF-9601244
26-01-0087. Two of the authors~H.L.P. and J.T.! were in part
supported by the ‘‘Effects of North Atlantic Climate Variabi
ity on the Barents Sea Ecosystem’’~ECOBE! project. Valu-
able discussions with Maria Pe´cseli are gratefully acknowl-
edged.

FIG. 4. Experimentally obtained prey flux to a self-consisten
moving sphere of interception, assuming that prey has to spend
sampling time units~i.e., 1/5 s altogether! inside the sphere before i
is captured, as shown with the dashed line. The full line gives
corresponding result without time delay. Results are shown for
different radiiR515 and 20 mm in the sphere of interception. T
difference between the dashed and full line gives the numbe
particles that entered at the appropriate time but left the refere
sphere within five sampling time units.
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pE0

` e2l2Dt

J0
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2~lR!

dl

l
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